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In this paper we prove that the simultaneous study of both ρ- and pi-meson production by charged
currents in Bjorken kinematics allows for a very clean extraction of the leading twist Generalized
Parton Distributions of the target, with inherent control of the contribution of higher-twist cor-
rections. Also, it might provide target-independent constraints on the distribution amplitudes of
the produced mesons. We expect that such processes might be studied either in neutrino-induced
or in electron-induced processes. According to our numerical estimates, the cross-sections of these
processes are within the reach of JLab and EIC experiments.
I. INTRODUCTION
The structure of the hadrons remains up to now a challenging puzzle, which attracts a lot of attention from both
theoretical and experimental viewpoints. Nowadays, this structure is parametrized in terms of the so-called generalized
parton distributions (GPDs), which are directly related to amplitudes of physical processes in Bjorken kinematics [1, 2].
The early analyses of GPDs were mostly based on experimental data on deeply virtual Compton scattering (DVCS) [3]
and deeply virtual meson production (DVMP) [4–17], yet very soon it was realized that in view of the rich structure of
GPDs, the poorly known wave functions of the produced mesons, as well as the sizable higher twist contributions [17–
21], additional channels are needed. Since the amplitudes of physical processes typically include contributions of
GPDs of several flavors and helicity states (sometimes convoluted with distribution amplitudes of other hadrons),
the GPDs could be extracted only from self-consistent global fits of all available experimental data. Currently the
list of processes which might be used for the extraction of GPDs include: ρ-meson photoproduction [22–26], timelike
Compton Scattering [27–29], exclusive pion- or photon-induced lepton pair production [30, 31], heavy charmonia
photoproduction [32, 33] (for gluon GPDs), as well as a few other channels [34, 35]. Hopefully the forthcoming
experimental data from upgraded JLab [17], COMPASS [36–41] and J-PARC [31, 42], will enrich and enhance the
early data from HERA and 6 GeV JLab experiments, as well as improve our understanding of the GPDs of the
proton [43–54].
Some of the experimentally studied channels suffer from well-understood theoretical complications. For example,
as was found recently from theoretical analysis of pion DVMP [55], the dominant contribution in JLab kinematics
(and possibly at the planned Electron Ion Collider [35]) stems from transversely polarized virtual photons, which
implies dominance of twist-three effects. A careful Rosenbluth separation might help to single out contributions of
the longitudinal photons. However, even in this case the longitudinal cross-sections might still include various other
sources of higher-twist contributions [22]. Recently it was suggested that a test of the Q2-dependence [56] might be
used to check if the description of σL based on the leading twist collinear factorization predictions is correct . However,
this method might give reliable estimates provided data at sufficiently large Q2 are available. Another challenge for
the present analyses of DVMP is unknown distribution amplitudes (DAs) of mesons. While it is expected that the DA
should be close to their asymptotic form [57, 58], due to the structure of the DVMP amplitude in the next-to-leading
order, the currently admitted deviations of DA from the asymptotic form might lead to sizable (up to 50 per cent)
deviations of the cross-section [15, 32, 33, 59, 60].
In this paper we propose a novel method which allows to extract GPDs, as well as have a simultaneous control of
the twist-three effects and the uncertainty in the distribution amplitudes. Our approach is based on comparison of ρ-
and pi-meson production cross-sections in charged current processes. In fact, the feasibility of using charged current
processes for study of GPDs was demonstrated in [61–66], with possible application either to neutrino-induced [67]
or to electron-induced channels 1. These processes have a small contamination by twist-3 effects [70], and on an
unpolarized target they get their dominant contribution from the GPDs Hu, Hd. Due to the V − A structure of the
hadronic current, in leading twist the CCDVMP cross-sections of longitudinally polarized ρ- mesons and pions are
sensitive to exactly the same set of GPDs and thus allow for a variety of consistency checks.
In this paper we will focus on the main contribution to the production of longitudinally polarized ρ±L -mesons,
1 The feasibility to study experimentally the charged currents in JLAB kinematics was demonstrated earlier in [68]. It is expected that
after the upgrade, higher instant luminosities up to L = 1038cm−2 ·s−1 will be achieved [69], which implies that the DVMP cross-section
could be measured with reasonable statistics. The neutrino kinematics might be reconstructed using missing mass techniques.
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2which can be evaluated in the collinear factorization framework [22–26, 71] and gives the dominant contribution in
the Bjorken limit. Due to the V − A structure of the hadronic current, the cross-sections of the ρ±L - and pi±-meson
production are controlled by the same combination of GPDs, so any differences between the two cross-sections comes
only from the meson wave functions or higher twist effects. In leading order, the dependence on meson distribution
amplitudes contributes only as a multiplicative prefactor, so the ratio of the cross-sections
Rρ/pi
(
xB , Q
2
)
=
dσW±p→ρ±p
dσW±p→pi±p
≈ const, (1)
does not depend on the GPDs of the target. In this approximation the ratio is the same for both proton and neutron
targets (W±n → M±n subprocess), and for this reason it might be studied on nuclear targets instead of protons.
In phenomenological models it is frequently speculated that the leading twist distribution amplitudes of pion and ρ-
meson are close to their asymptotic form, so the ratio should be close to (fρ/fpi)
2
, where fρ, fpi are the corresponding
decay constants of ρ and pi mesons. The deviations from this value are due to deviations from the asymptotic form
of distribution amplitudes, and next-to-leading order and higher-twist corrections. Each of such corrections has a
characteristic behavior in the
(
xB , Q
2
)
variables, which can be used to clearly distinguish its origin. For this reason
we believe that the ratio (1) is a sensitive probe of the leading twist contribution dominance, as well as of tests of the
meson distribution amplitudes. In the following sections we will discuss in detail how the value of this ratio changes
when NLO corrections and higher twist effects are taken into account. For the sake of brevity and conciseness, in
this paper we do not consider other processes, where flavor multiplet partners of pions and protons are produced and
which could also be used to test other flavor combinations of pion and ρ-meson distribution amplitudes.
The paper is organized as follows. In Section II B we discuss the framework used for the evaluation of meson
production, taking into account NLO and some of the higher twist-corrections. In Section II A we define amplitudes
of ρ-mesons and pions and discuss their parameterization. In Section II B we present expressions for the cross-sections
of the CCDVMP process in the leading twist. In Section II C we discuss the contribution of twist-three corrections
to the cross-section. Finally, in Section III we present numerical results and draw conclusions.
II. THE CCDVMP PROCESS
A. Meson distribution amplitudes
For the sake of completeness we would like to start the discussion with explicit definitions of the distribution
amplitudes of the pion and ρ-meson. We will consider only the two-parton DAs. For the pion case, the corresponding
DAs are defined as [72, 73] 〈
0
∣∣ψ¯ (y) γµγ5ψ (x)∣∣pi(q)〉 = ifpi ˆ 1
0
dα ei(αp·y+α¯p·x) ×
×
(
pµφ2;pi(α) +
1
2
zµ
(p · z)ψ4;pi(α)
)
, (2)
〈
0
∣∣ψ¯ (y) γ5ψ (x)∣∣pi(q)〉 = −ifpi m2pi
mu +md
ˆ 1
0
dα ei(αp·y+α¯p·x)φ(p)3;pi(α), (3)
〈
0
∣∣ψ¯ (y)σµνγ5ψ (x)∣∣pi(q)〉 = − i
3
fpi
m2pi
mu +md
ˆ 1
0
dα ei(αp·y+α¯p·x) ×
× 1
p · z (pµzν − pνzµ)φ
(σ)
3;pi(α). (4)
where q is the momentum of the pion, z ≡ x− y is the light-cone separation of the quarks, p is the light-cone vector
bound by p2 = 0, p · z = 1; fpi is the pion decay constant, mpi is the pion mass, and mu and md are masses of the u
and d quarks respectively. In what follows we will focus on the twist-2 and twist-3 DAs φ2;pi, φ
(p)
3;pi and φ
(σ)
3;pi. Similarly,
for the case of ρ-meson, the distribution amplitudes are defined as [74]〈
0
∣∣ψ¯ (y) γµψ (x)∣∣ ρ(q)〉 = fρmρ ˆ 1
0
dα ei(0.5−α)p·z ×
×
(
pµ
e(λ) · z
p · z φ
(||)
2,ρ(α) + e
(λ=⊥)
µ g
(v)
⊥ (α)−
m2ρ
2
zµ
e(λ) · z
(p · z)2 g3(α)
)
, (5)
3〈
0
∣∣ψ¯ (y) γµγ5ψ (x)∣∣ ρ(q)〉 = 1
2
(
fρ − fTρ
mu +md
mρ
)
mρµνρσe
(λ)
ν pρzσ
ˆ 1
0
dα ei(0.5−α)p·zg(a)⊥ (α) (6)
〈
0
∣∣ψ¯ (y)σµνψ (x)∣∣ ρ(q)〉 = ifTρ ˆ 1
0
dα ei(0.5−α)p·z
((
e(λ=⊥)µ pν − e(λ=⊥)ν pµ
)
Φ⊥(α) +
+
e(λ) · z
(p · z)2m
2
ρ (pµzν − pνzµ)h(t)|| (α) (7)
+
1
2
(
e(λ)µ zν − e(λ)ν zµ
) m2ρ
p · z h3(α)
)
,
〈
0
∣∣ψ¯ (y)ψ (x)∣∣ ρ(q)〉 = −i (fTρ − fρmu +mdmρ
)
e(λ) · n
ˆ 1
0
dα ei(0.5−α)p·zh(s)|| (α). (8)
where fρ and f
T
ρ are the so-called vector and tensor decay constants, and mρ is the ρ-meson mass. In what follows we
will focus on the contribution for the longitudinal mesons (for which factorization has been proven) and consider only
the contributions up to twist 3, Φ||, h
(s)
|| and h
(t)
|| . As we can see, the pion and ρ-meson distribution amplitudes differ
from each other only by an additional γ5 in the quark-antiquark operator (modulo some trivial numerical prefactor).
In the next section we will show that due to this property, the CCDVMP amplitudes of ρ-meson and pion are related
to each other by a mere substitution of meson DAs,
fpiφ2;pi(α)↔ fρφ(||)2,ρ(α), (9)
− 1
3
fpi
m2pi
mu +md
φ
(σ)
3;pi(α)↔ fTρ mρh(t)|| (α), (10)
fpi
m2pi
mu +md
φ
(p)
3;pi(α)↔
(
fTρ − fρ
mu +md
mρ
)
mρh
(s)
|| (α). (11)
In Bjorken kinematics we expect that the dominant contribution stems from the twist-two distributions φ2;pi, φ
(||)
2,ρ ,
which might be decomposed as
φ2
(
z, µ2
)
= 6 z (1− z)
(
1 +
∑
n>0
a2n
(
µ2
)
C
3/2
2n (2z − 1)
)
, (12)
where the coefficients a2n
(
µ2
)
have mild multiplicative dependence on the factorization scale µ. The coefficients a2n
are expected to be small, with current estimates [57, 58]∣∣a2 (µ2 ≈ 2 GeV2)∣∣ ∼ ∣∣a4 (µ2 ≈ 2 GeV2)∣∣ . 0.1, (13)∣∣a2n (µ2 ≈ 2 GeV2)∣∣ ≈ 0 for n ≥ 3. (14)
For this reason the ratio R
(
xB , Q
2
)
defined in (1) can be decomposed as
R
(
xB , Q
2
) ≈ f2ρ
f2pi
[
1 + 2
∑
n>0
r2n
(
a
(||)
2n,ρ − a2n,pi
)
+O
((
a
(||)
2,ρ − a2,pi
)2)]
, (15)
where the coefficients r2n correspond to the ratio of the DVMP amplitudes evaluated with n 6= 0 DAs, to the
same amplitude evaluated with n = 0 (asymptotic) meson DAs. These coefficients will be analyzed in Section III,
considering their dependence on the implemented model of GPDs. At next-to-leading order the coefficients r2n acquire
dependence on xB , as well as a mild (logarithmic) dependence on Q
2. The corrections to (15), due to higher twist
corrections, have a similar structure, although they decrease rapidly as functions of virtuality, ∼ 1/Q.
The twist-three distribution amplitudes of mesons contribute in the combination φ3;p (z, l⊥) + 2φ3;σ (z, l⊥) (see
Section II B for more details). For estimates of the twist-3 contribution introduced in Section II B, we will use the
parameterization suggested in [19, 20],
φ3 (z, l⊥) = φ3;p (z, l⊥) + 2φ3;σ (z, l⊥) =
2a3p
pi3/2
l⊥φas(z) exp
(−a2pl2⊥) , (16)
where the numerical constant ap is taken as ap ≈ 2 GeV−1 ≈ 0.4 fm.
4B. Leading twist evaluation
The CCDVMP might be studied both in neutrino-induced and electron-induced processes. For the sake of definite-
ness, in what follows we will consider the case of electroproduction, ep→ νeM p. The cross-section of this process is
given by
dσ
dt dxBdQ2
= Γ
∑
νν′
A∗ν′,νLAν′,νL, (17)
where t = (p2 − p1)2 is the momentum transfer to the proton, Q2 = −q2 is the virtuality of the charged boson,
xB = Q
2/(2p · q) is the Bjorken variable, the subscript indices ν and ν′ in the amplitude A refer to helicity states
of the baryon before and after interaction, and the letter L reflects the fact that in the Bjorken limit the dominant
contribution comes from the longitudinally polarized massive bosons W± [1, 2]. The kinematic factor Γ in (17) for
the charged current is given explicitly by
Γ =
G2F x
2
B
(
1− y − γ2y24
)
64pi3Q2 (1 +Q2/M2W )
2
(1 + γ2)
3/2
, (18)
where θW is the Weinberg angle, MW is the mass of the heavy bosons W
±, GF is the Fermi constant, fM is the
meson decay constant, and we also used the shorthand notations
γ =
2mNxB
Q
, y =
Q2
sep xB
=
Q2
2mNEe xB
, (19)
where Ee is the electron energy in the target rest frame. In Bjorken kinematics, the amplitude Aν′,νL factorizes into
a convolution of hard and soft parts,
Aν′,ν =
ˆ +1
−1
dx
∑
q=u,d,s,g
∑
λλ′
Hqν′λ′,νλCqλλ′ , (20)
where x is the average light-cone fraction of the parton, superscript q is its flavor, λ and λ′ are the helicities of the
initial and final partons, and Cqλ′ν′,λν is the hard coefficient function, which depends on the quantum numbers of the
produced meson and will be specified later. The soft matrix element Hqν′λ′,νλ in (20) is diagonal in quark helicities
(λ, λ′), and for the twist-2 GPDs has a form
Hqν′λ′,νλ =
2δλλ′√
1− ξ2
(
−gqA
( (
1− ξ2)Hq − ξ2Eq (∆1+i∆2)Eq2m
− (∆1−i∆2)Eq2m
(
1− ξ2)Hq − ξ2Eq
)
ν′ν
(21)
+ sgn(λ)gqV
(
− (1− ξ2) H˜q + ξ2E˜q (∆1+i∆2)ξE˜q2m
(∆1−i∆2)ξE˜q
2m
(
1− ξ2) H˜q − ξ2E˜q
)
ν′ν
)
,
where the constants gqV , g
q
A are the vector and axial current couplings to quarks; the leading twist GPDs H
q, Eq, H˜q
and E˜q are functions of variables
(
x, ξ, t, µ2F
)
; the skewness ξ is related to the light-cone momenta of protons p1,2 as
ξ =
(
p+1 − p+2
)
/
(
p+1 + p
+
2
)
; the invariant momentum transfer t = ∆2 = (p2 − p1)2, and µF is the factorization scale
(see e.g. [12, 15] for details of the kinematics). The evaluation of the structure function Cq is quite straightforward,
and in leading order over αs it gets contributions from the diagrams shown schematically in Figure 1. This has
been studied both for pion electroproduction [20, 21, 24, 75–78] and neutrinoproduction [79]. For the processes in
which baryon does not change its internal state, there are additional contributions from gluon GPDs, as shown in
the rightmost panel of the Figure 1. These corrections are small in JLAB kinematics, yet give a sizable contribution
at higher energies. In the next-to-leading order, the coefficient function includes an additional gluon attached in all
possible ways to all diagrams in Figure 1, as well as additional contributions from sea quarks, as shown in the Figure 2.
Straightforward evaluation of the diagrams shown in the Figures 1,2 yields for the coefficient function
Cqλλ′ = δλλ′
(
ηq−c
(q)
− (x, ξ) + sgn(λ)η
q
+c
(q)
+ (x, ξ) +O
(
m2
Q2
)
+O (α2s (µ2R))) , (22)
5φ2(z)
pi
W±   
φ2(z)
pi
W±   
pi
W±   
Figure 1: Leading-order contributions to the DVMP hard coefficient functions. The green blob stands for the pion wave
function. Additional diagrams (not shown) may be obtained reversing directions of the quark lines and in case of the last
diagram, also permuting vector boson vertices.
pi
W±   
Figure 2: Sea quark contributions to the DVMP, which appear at next-to-leading-order. Additional diagrams (not shown) may
be obtained reversing directions of the quark lines.
where the process-dependent flavor factors ηqV±, η
q
A± are the same for J
P = 0−- and 1−mesons, and are
given explicitly in Table I 2. Also, in (22) we introduced the shorthand notation
c
(q)
± (x, ξ) =
8pii
9
αs
(
µ2R
)
fM
Q
1
x± ξ ∓ i0
ˆ 1
0
dz
φ2 (z)
z
(
1 +
αs
(
µ2r
)
2pi
T (1)
(
ξ ± x
2ξ
, z
))
, (23)
where φ2(z) is the twist-2 meson distribution amplitude (DA). The function T
(1) (v, z) in (23) encodes NLO corrections
to the coefficient function and is given explicitly in the Appendix A. In general, we could expect that the spin structure
of the coefficient function Cqλ should depend on the quantum numbers of the produced mesons, however in the leading
twist this is not so. This happens because at leading twist the distribution amplitudes of the JP = 0− and 1− mesons
differ only by an additional γ5 in the corresponding quark operator and V −A structure of charged current. From a
trivial identity
γµ (1− γ5) γα1S (p1) ...γαnS (pn) γ±γ5 = γµ (1− γ5) γα1S (p1) ...γαnS (pn) γ± (24)
Table I: The flavor coefficients ηq± for several meson production processes discussed in this paper. We use the notation
q = u, d, s, ... {M±,0,M±,0s } = {pi±,0, K±,0} mesons in JP = 0−multiplet, and {M±,0,M±,0s } = {ρ±,0, K∗±,0} mesons in JP =
1−multiplet. As commented in the text, CC currents could be studied either in electron-induced processes (so {`, `′} = {e, νe})
or in neutrino-induced processes, {`, `′} = {ν¯e, e+}. For the case of CC mediated processes, the V −A structure of the charged
current implies ηqV± = η
q
±, η
q
A± = −ηq±.
Process ηq+ η
q
− Process η
q
+ η
q
−
` p→ `′M−p Vudδqd Vudδqu ` p→ `′M0n Vud δqu−δqd√2 −Vud
δqu−δqd√
2
` p→ `′M0n Vud δqu−δqd√2 −Vud
δqu−δqd√
2
` p→ `′M−n Vudδqu Vudδqd
` p→ `′M−s p Vusδqs Vusδqs ` n→ `′M0sΣ− 0 −Vud (δqu − δqs)
2 As was discussed above, for processes with change of internal baryon structure, we use SU(3) relations [80], which are valid up to
corrections in current quark masses ∼ O (mq).
6where S (pi) are the quark propagators (massless in the Bjorken limit), we may conclude that for charged currents the
amplitudes of ρ- and pi-production coincide to any order in the strong coupling constant αs
(
Q2
)
3. The corrections
due to finite mass of the quarks are ∼ O(mq/Q), and are numerically negligible for light quarks. In the twist-three
case, similar arguments hold for the two-parton distribution amplitudes, yet for the contributions of the three-parton
DAs this is no longer so. For this reason, we may use the above-mentioned substitutions (9,10,11) to relate the pion
and ρ-meson distribution amplitudes.
In the leading order over αs, the ratio Rρ/pi defined in (1) is constant and is given by the ratio of the minus-first
moments
〈
φ−12, ||,ρ
〉
and
〈
φ−12,pi
〉
. In terms of the conformal expansion coefficients a2n defined in (12), the moments may
be evaluated exactly and are given by
〈
φ−12
〉
= 1 +
∑
n a2n, so the ratio (1) is given by
Rρ/pi ≈ (fρ/fpi)2
(
1 +
∑
a
(||)
2n,ρ
1 +
∑
a2n,pi
)2
. (25)
At this order all the expansion coefficients r2n defined in (15) are equal to unity, r2n
(
xB , Q
2
)
= 1, and do not depend
on
(
xB , Q
2
)
. In the next-to-leading order there are δr2n ∼ O (αs) corrections, given explicitly in Appendix A. The
numerical values of the coefficients are discussed in detail in the following Section III.
C. Twist-three corrections
In the Bjorken limit, it is expected that the dominant contribution should come from the twist-two GPDs
H, E, H˜, E˜. However, as was shown in [55], in moderate-energy experiments the typical values of virtuality Q
are only two or three times larger than the mass of the nucleon mN . For this reason it is important to assess how
large are the omitted higher-twist contributions.
Technically the evaluation of the twist-three contributions is quite challenging, because the are many different
contributions, and for some of them (see e.g. three-parton contributions analyzed in [22, 81]) numerical estimates are
currently challenging due to lack of reliable phenomenological restrictions on multiparton distributions. In this paper
we will restrict ourselves to the estimates of higher twist contributions due to two-parton twist-three components of the
meson wave functions, which are expected to give the largest contribution to the difference between pion and ρ-meson
cross-sections. The corresponding twist-three DAs for pion and ρ-meson were defined in Section II A. Previously this
analysis has been done by us in the context of neutrino-production [70] and pion production by charged currents [82],
and here we briefly repeat it for the case of charged current meson production. For the case of ρ-meson the amplitudes
might be obtained from pion amplitude by the substitution (10, 11). The twist-three meson DAs probe the so-called
transversity GPDs, which contribute to the amplitude (21) as
δHqν′λ′,νλ = (mqν′νδλ,−δλ′,+ + nqν′νδλ,+δλ′,−) , (26)
where the coefficients mq±,± and n
q
±,± are linear combinations of the transversity GPDs,
mq−− =
√−t′
4m
[
2H˜qT + (1 + ξ)E
q
T − (1 + ξ)E˜qT
]
, (27)
mq−+ =
√
1− ξ2 t
′
4m2
H˜qT , (28)
mq+− =
√
1− ξ2
[
HqT −
ξ2
1− ξ2E
q
T +
ξ
1− ξ2 E˜
q
T −
t′
4m2
H˜qT
]
, (29)
mq++ =
√−t′
4m
[
2H˜qT + (1− ξ)EqT + (1− ξ)E˜qT
]
, (30)
3 For neutral currents this statement is not valid due to differences in vector and axial charges, gV 6= gA.
7nq−− = −
√−t′
4m
(
2H˜qT + (1− ξ)EqT + (1− ξ)E˜qT
)
, (31)
nq−+ =
√
1− ξ2
(
HqT −
ξ2
1− ξ2E
q
T +
ξ
1− ξ2 E˜
q
T −
t′
4m2
H˜qT
)
, (32)
nq+− =
√
1− ξ2 t
′
4m2
H˜qT , (33)
nq++ = −
√−t′
4m
(
2H˜qT + (1 + ξ)E
q
T − (1 + ξ)E˜qT
)
, (34)
and we introduced a shorthand notation t′ = −∆2⊥/(1−ξ2); ∆⊥ = p2,⊥−p1,⊥ is the transverse part of the momentum
transfer. The coefficient function (22) also gets an additional nondiagonal in parton helicity contribution,
δCqλ′0,λµ == δµ,+δλ,−δλ′,+ (SqA − SqV ) + δµ,−δλ,+δλ′,− (SqA + SqV ) +O
(
m2
Q2
)
, (35)
where we introduced the shorthand notations
SqA =
ˆ
dz
((
ηqA+c
(3,p)
+ (x, ξ)− ηqA−c(3,p)− (x, ξ)
)
+ 2
(
ηqA−c
(3,σ)
− (x, ξ) + η
q
A+c
(3,σ)
+ (x, ξ)
))
, (36)
SqV =
ˆ
dz
((
ηqV+c
(3,p)
+ (x, ξ) + η
q
V−c
(3,p)
− (x, ξ)
)
+ 2
(
ηqV+c
(3,σ)
+ (x, ξ)− ηqV−c(3,σ)− (x, ξ)
))
, (37)
c
(3,i)
+ (x, ξ) =
4piiαsfpiξ
9Q2
ˆ 1
0
dz
φ3,i(z)
z (x+ ξ)2
, c
(3,i)
− (x, ξ) =
4piiαsfpiξ
9Q2
ˆ 1
0
dz
φ3,i(z)
(1− z)(x− ξ)2 ; (38)
and the twist-three pion distributions are defined in Section II A. Due to symmetry of φp and antisymmetry of φσ
with respect to charge conjugation, the dependence on the pion DAs factorizes in the collinear approximation and
contributes only as the minus first moment of the linear combination of the twist-3 DAs, φ
(p)
3 (z) + 2φ
(σ)
3 (z),
〈
φ−13
〉
=
ˆ 1
0
dz
φ
(p)
3 (z) + 2φ
(σ)
3 (z)
z
. (39)
In general case the coefficient function (38) leads to collinear divergencies near the points x = ±ξ, when substituted
to (20). As was noted in [19], this singularity is naturally regularized by the small transverse momentum of the quarks
inside the meson. Such regularization modifies (38) to
c
(3,i)
+ (x, ξ) =
4piiαsfpiξ
9Q2
ˆ 1
0
dz d2l⊥
φ3,i (z, l⊥)
(x+ ξ − i0)
(
z(x+ ξ) +
2ξ l2⊥
Q2
) , (40)
c
(3,i)
− (x, ξ) =
4piiαsfpiξ
9Q2
ˆ 1
0
dz d2l⊥
φ3,i (z, l⊥)
(x− ξ + i0)
(
(1− z)(x− ξ)− 2ξ l2⊥Q2
) , (41)
where l⊥ is the transverse momentum of the quark, and we tacitly assume absence of any other transverse momenta in
the coefficient function. Due to interference of the leading twist and twist-three contributions, the total cross-section
acquires dependence on the angle ϕ between lepton scattering and pion production planes,
dσ
dt dxBdQ2dϕ
= 
dσL
dt dxBdQ2dϕ
+
dσT
dt dxBdQ2dϕ
+
√
(1 + ) cosϕ
dσLT
dt dxBdQ2dϕ
(42)
+  cos (2ϕ)
dσTT
dt dxBdQ2dϕ
+
√
(1 + ) sinϕ
dσL′T
dt dxBdQ2dϕ
+  sin (2ϕ)
dσT ′T
dt dxBdQ2dϕ
,
where we introduced the shorthand notations
 =
1− y − γ2y24
1− y + y22 + γ
2y2
4
. (43)
8dσL
dt dxBdQ2dϕ
=
Γσ00
2pi
(44)
dσT
dt dxBdQ2dϕ
=
Γ
2pi
(
σ++ + σ−−
2
+
1
2
√
1− 2σ++ − σ−−
2
)
(45)
dσLT
dt dxBdQ2dϕ
=
Γ
2pi
(
Re (σ0+ − σ0−) + 1
2
√
1− 
1 + 
Re (σ0+ + σ0−)
)
(46)
dσTT
dt dxBdQ2dϕ
= − Γ
2pi
Re (σ+−) (47)
dσL′T
dt dxBdQ2dϕ
= − Γ
2pi
(
Im (σ+0 + σ−0)− 1
2
√
1− 
1 + 
Im (σ−0 − σ+0)
)
(48)
dσT ′T
dt dxBdQ2dϕ
= − Γ
2pi
Im (σ+−) (49)
and the subindices α, β in
σαβ =
∑
νν′
A∗ν′0,ναAν′0,νβ , (50)
refer to the polarizations of intermediate heavy boson in the amplitude and its conjugate. As we will see below, in
JLAB kinematics the contribution of higher twist corrections is small, and for this reason we will quantify their size in
terms of the angular harmonics cn, sn, normalizing the total cross-section to the cross-section of the dominant DVMP
process defined as [82]
d4σ(tot)
dt d lnxBj dQ2dϕ
=
1
2pi
d4σ(DVMP )
dt d lnxBj dQ2
(
1 +
2∑
n=0
cn cos(nϕ) + s1 sin(ϕ)
)
. (51)
The main purpose of this study is to analyze the sensitivity of the ratio (1) to changes of the coefficients r2n. For this
reason in what follows we will focus on the evaluation of the harmonics c0 and the corresponding cross-sections dσL
and dσT . The higher twist corrections contribute additively to the cross-section (no interference due to different spin
structure), and as we will see below, in the kinematics of interest the cross-section dσT  dσL. For this reason the
correction to the ratio (1) is small and is given by
δRtwist−3 ≈ f
2
ρ
f2pi
(
dσ
(ρ)
T
dσ
(ρ)
L
− dσ
(pi)
T
dσ
(pi)
L
)
︸ ︷︷ ︸
∼O(1/Q)
+O
(
1
Q2
)
=
f2ρ
f2pi
(c0,ρ − c0,pi) +O
(
1
Q2
)
:=
f2ρ
f2pi
∆c0, (52)
∆c0 = c0,ρ − c0,pi, (53)
where c0,ρ and c0,pi are the zeroth order harmonics (angular-independent contributions of twist-3 terms) of the ρ-meson
and pion respectively. At present, the values of the twist-three ρ-meson DAs are poorly known (especially for the case
of ρ-mesons), and for this reason we will assume that it changes from 0 up to the same value as for pion, (16).
III. RESULTS AND DISCUSSION
In this section we would like to present numerical results for the charged current pion production. For the sake
of definiteness, for numerical estimates we use the Kroll-Goloskokov parameterization of GPDs [19, 20, 76–78]. For
illustration, we will start the discussion assuming dominance of the twist two corrections, and neglecting the deviations
from the asymptotic form encoded in the coefficients a2n in (12). In this case the difference between pion and ρ-meson
cross-sections becomes negligible (we may neglect the so-called “kinematic” higher twist effects ∼ O (M2pi,ρ/Q2) in
the Bjorken limit).
In the left panel of the Figure 3 we show predictions for the differential cross-section dσ/dxB dQ
2 for charged
meson (ρ−, pi−) production, within JLab kinematics. We expect that for typical instant luminosities ∼ 1035cm−2s−1,
easonable statistics could be collected after 30-60 days of running. At fixed electron energy Ee = 11 GeV and
virtuality Q2, the cross-section as function of xB has a typical bump-like shape, which is explained by an interplay of
two factors. For small xB ∼ Q2/2mNEe the elasticity y defined in (19) approaches one, which causes a suppression due
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Figure 3: (color online) Left plot: Charged current meson production cross-section on a proton target, within JLab kinematics
(fixed electron energy E = 11 GeV). Evaluations are performed using NLO coefficient functions, as discussed in Section II B.
The width of the band represents the uncertainty due to the factorization scale choice µF ∈ (Q/2, 2Q), as explained in the
text. Right plot: xB-dependence of the cross-section in EIC kinematics with
√
sep ≈ 100 GeV. For other values of
√
sep and
fixed
(
xB , Q
2
)
the cross-section might be obtained by rescaling the factor (18). This factor is responsible for the suppression
of the cross-section at small xB  1 and at fixed energy √sep.
to a prefactor Γ in (17). In the opposite limit, the suppression ∼ (1−x)n is due to the implemented parameterization
of GPDs. In the evaluation of the coefficient function we take into account NLO corrections, which give a sizable
contribution for Q2 . 10 GeV2. The band around the curves reflects the uncertainty of the predictions due to higher
order corrections, which was obtained varying the factorization scale µF in the range µF ∈ (Q/2, 2Q) (see [15, 19,
20, 60, 64] for more details). The amplitudes in this region get the dominant contribution from the GPDs Hu, Hd,
whereas helicity flip and gluon GPDs give a minor (∼10%) correction to the full cross-section. In the right panel we
show the cross-section for the kinematics of EIC experiment, assuming a center-of-mass energy
√
sep ≈ 100 GeV. At
present the exact energy
√
sep, which will be available at EIC, is not known, yet reevaluation for other energies
√
sep
is quite straightforward and might be obtained by rescaling the y-dependent prefactor (18). The effects of this factor
are pronounced at small xB  1, where it leads to a suppression of the cross-section.
In order to quantize the sensitivity of the cross-section to deviation of the meson DA from its asymptotic form, in
Figure 4 we show the dependence of the first two coefficients r2
(
xB , Q
2
)
and r4
(
xB , Q
2
)
, defined in (1), as functions
of xB and Q
2. These coefficients do not depend on the energy of the electron beam E, because at fixed
(
xB , Q
2
)
the dependence on E contributes only via a common y-dependent prefactor in (18), which does not contribute to
r2n. The dependence of r2n on Q
2 is very mild and is due to the logarithmic dependence of running coupling in the
NLO contribution. The dependence of r2n on xB exists due to the different xB-dependence of the leading order and
next-to-lading order amplitudes. The fact that the evaluated ratios r2n have a very mild dependence on Q
2 and on
xB (for xB . 0.3) implies that the ratio of the cross-sections (1) only mildly depends on (xB , Q2), and its value is
almost entirely determined by the values of parameters
a2 = a
(ρ)
2 − a(pi)2 , a4 = a(ρ)4 − a(pi)4 . (54)
As can be seen from the Figure 4, for the currently expected phenomenological values of parameters a2, a4 in the
range (13), the ratio (1) changes up to 20%. Since the expected values of a2, a4 are quite small, we may neglect the
contributions of quadratic terms, so we expect that Rρ/pi is mostly sensitive to the combination(
a2 +
r4
(
xB , Q
2
)
r2 (xB , Q2)
a4
)
. (55)
Given that the functions r2
(
x, Q2
)
, r4
(
x, Q2
)
are known, measurement of Rρ/pi in a sufficiently large kinematical
range could allow us to extract separately the values of a2 and a4.
As we explained in the previous section, for the case of the twist-three harmonics, we are only interested in the
contribution of the term c0 in (51), which is the only term contributing to the ϕ-integrated cross-sections. From
Figure 5, we can see that the contribution of this term in the region of interest is negligible and does not exceed a
few per cent. Its relative contribution increases in the region xB & 0.6 − 0.7 and it might reach up to 10 per cent.
However, the cross-section is strongly suppressed in that region, and the experimental statistics is quite poor, so for
this reason we expect that this region will not give a strong constraint on the constructed parameterizations of the
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Figure 4: (color online) Left: Values of the coefficients r2n
(
xB , Q
2
)
. The two bottom curves correspond to r2
(
xB , Q
2
)
; the
two upper curves correspond to r4
(
xB , Q
2
)
. For both cases dashed lines correspond to Q2 = 4 GeV2, solid lines correspond to
Q2 = 9 GeV2. All evaluations performed with account of NLO correction. See the text for more explanations of the behaviour
of the curves. Right: expected value of the variable Rρ/pi (fpi/fρ)
2 as a function of possible values of a
(ρ−pi)
2 and a
(ρ−pi)
4 for
xB = 0.1 and Q
2 = 4 GeV2. For the case of asymptotic form distributions of both mesons (a
(ρ−pi)
2 = a
(ρ−pi)
4 = 0) the variable
Rρ/pi (fpi/fρ)
2 = 1.
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Figure 5: (color online) Upper values of the coefficient |∆c0| for several values of Q2, within JLab kinematics (E = 11 GeV).
GPDs. In the region xB ≈ 0.1− 0.3, which gives the dominant contribution within JLab kinematics, we expect that
the effects of the higher twist corrections will give just a couple of per cent correction, and will not affect significantly
the ratio R (a2, a4), shown in the right panel of Figure 4. The effect of higher twist corrections decreases as a function
of Q and becomes almost negligible for Q2 & 10 GeV2.
For deeply virtual meson production in other channels (e.g. production of kaons and K∗-mesons) the cross-sections
have a similar shape, although their values are smaller. Besides, the amplitudes of these processes get comparable
contributions from GPDs of different partons, and for this reason the restrictions imposed by experimental data on
GPDs of individual partons are less binding (see [82] for more details). Moreover, experimentally these channels
present more challenges and therefore will not be considered here. The contribution of the higher twist corrections
might be estimated similarly in terms of higher twist harmonics.
IV. CONCLUSIONS
In this paper we studied the contributions for ρ-meson production in Bjorken kinematics. We found that the
production of both parity conjugate mesons (ρ and pi) in charged current processes allows for a very clean probe of
11
the generalized parton distributions, and the ratio (1) provides the possibility of clearly distinguishing contributions
of higher twist corrections. More precisely, since the cross-sections of both processes are sensitive to the same set
of GPDs, the ratio (1) should be almost constant in the case of the leading twist dominance, and the value of this
constant depends only on the DAs of the produced mesons. The presence of large higher twist corrections would
reveal itself via a pronounced dependence of the ratio (1) on both xB and Q
2. We expect that such processes might
be studied either in JLab future neutrino-induced experiments or in electron-induced experiments in JLab and EIC.
We estimated the cross-sections in the kinematics of upgraded 12 GeV Jefferson Laboratory experiments, as well as
in the kinematics of the future Electron Ion Collider, and found that the process can be measured with reasonable
statistics. A code for the evaluation of the cross-sections with various GPD models is available on demand.
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Appendix A: NLO coefficient function
The function T (1) (v, z) in (A5) encodes NLO corrections to the coefficient function. Explicitly, this function is
given by
T (1) (v, z) =
1
2vz
[
4
3
(
[3 + ln(v z)] ln
(
Q2
µ2F
)
+
1
2
ln2 (v z) + 3 ln(v z)− ln v¯
2v¯
− ln z¯
2z¯
− 14
3
)
(A1)
+ β0
(
5
3
− ln(v z)− ln
(
Q2
µ2R
))
− 1
6
(
2
v¯ v2 + z¯ z2
(v − z)3 [Li2(z¯)− Li2(v¯) + Li2(v)− Li2(z) + ln v¯ ln z − ln z¯ ln v]
+ 2
v + z − 2v z
(v − z)2 ln (v¯z¯) + 2 [Li2(z¯) + Li2(v¯)− Li2(z)− Li2(v) + ln v¯ ln z + ln z¯ ln v]
+ 4
v z ln(v z)
(v − z)2 − 4 ln v¯ ln z¯ −
20
3
)]
,
where β0 =
11
3 Nc− 23Nf , Li2(z) is the dilogarithm function, and µR and µF are the renormalization and factorization
scales respectively. For the vector meson production in processes when the internal state of the hadron is not changed,
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the additional contribution comes from gluons and singlet (sea) quarks [59, 60, 83] 4,
c(g) (x, ξ) =
(ˆ
dz
φ2,pi (z)
z (1− z)
)
2pii
3
αs
(
µ2R
)
fM
Q
ξ
(ξ + x− i0) (ξ − x− i0)
(
1 +
αs
(
µ2r
)
4pi
I(g)
(
ξ − x
2ξ
, z
))
, (A2)
I(g) (v, z) =
(
ln
(
Q2
µ2F
)
− 1
)[
β0
2
+ CA
[
(1− v)2 + v2
]( ln (1− v)
v
+
ln v
1− v
)
− CF
2
(
v ln v
1− v +
(1− v) ln (1− v)
v
)
+ CF
(
3
2
+ 2 z ln (1− z)
)]
− 2CF − β0
2
(
ln
(
Q2
µ2R
)
− 1
)
− CF (1− 2 v)
2 (z − v) R (z, v)
+
(2CA − CF )
4
(
v ln2 v
1− v +
(1− v) ln2 (1− v)
v
)
+ CF (1 + 3 z) ln (1− z) +
+ (ln v + ln (1− v))
[
CF (1− z) ln z − 1
4
+ 2CF − CA
]
+
CA
2
(ln (z (1− z))− 2)
[
v ln v
1− v +
(1− v) ln (1− v)
v
]
(A3)
+CF z ln
2 (1− z) + CA
2
(1− 2 v) ln
(
v
1− v
)[
3
2
+ ln (z (1− z)) + ln (v (1− v))
]
+
(
CF
(
(z − v)2 − v (1− v))− (CF − CA
2
)
(z − v)(1− 2v)
)
×
×
[
− R(z, v)
(z − v)2 +
ln v + ln z − ln (1− v)− ln (1− z)
2 (z − v) +
(z − v)2 − v(1− v)
(z − v)3 H(z, v)
]
+
{
z → 1− z
}
,
CF =
N2c − 1
2Nc
, CA = Nc. (A4)
c
(s)
± (x, ξ) = −
(ˆ
dz
φ2,pi (z)
z (1− z)
)
4iα2s
(
µ2R
)
fM
9Q
I(s)
(
x± ξ
2ξ
, z
)
, (A5)
I(s) (v, z) = (1− 2 v)
(
ln v
1− v +
ln(1− v)
v
)
ln
(
Q2z
µ2F
)
+
1− 2v
2
[
ln2 v
1− v +
ln2 (1− v)
v
]
(A6)
−R(v, z)
z − v −
(1− v) ln (1− v)− v ln v
v (1− v) +
(z − v)2 − v (1− v)
(z − v)2 H (v, z) +
{
z → 1− z
}
,
R (v, z) = z ln v + (1− z) ln (1− v) + z ln z + (1− v) ln (1− v) , (A7)
H (v, z) = Li2 (1− v)− Li2 (v) + Li2 (z)− Li2 (1− z) + ln v ln (1− z)− ln (1− v) ln z. (A8)
Some coefficient functions have non-analytic behavior ∼ ln2 v for small v ≈ 0 (x = ±ξ ∓ i0), which signals that the
collinear approximation might be not valid near this point. This singularity in the collinear limit occurs due to the
omission of the small transverse momentum lM,⊥ of the quark inside a meson [19]. For this reason the contribution
of the region |v| ∼ l2M,⊥/Q2 for finite Q2 (below the Bjorken limit) should be treated with due care. However, a
full evaluation of T (1) (v, z) beyond the collinear approximation (taking into account all higher twist corrections)
presents a challenging problem and has not been done so far. It was observed in [60], that the singular terms might
be eliminated by a redefinition of the renormalization scale µR, however near the point v ≈ 0 the scale µ2R becomes
soft, µ2R ∼ z v Q2 . l2⊥ which is another manifestation that nonperturbative effects become relevant. For this reason,
sufficiently large value of Q2 should be used to mitigate contributions of higher twist effects. As we will see below,
for Q2 ≈ 4 GeV2 the contribution of this soft region is small, so the collinear factorization is reliable.
As was discussed in Section (II A), the distribution amplitudes might be represented as (12), with major contribution
from the terms with n = 0, 1 and 2. The corresponding expressions for the parton amplitudes (23,A2,A5) take a
4 For the sake of simplicity, we follow [60] and assume that the factorization scale µF is the same for both the generalized parton
distribution and the pion distribution amplitude.
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form [60]
c
(q)
±,n (x, ξ) =
8pii
9
αs
(
µ2R
)
fM
Q
3
x± ξ ∓ i0
(
1 +
αs
(
µ2r
)
4pi
ta, n
(
ξ ± x
2ξ
))
, (A9)
ta,0(y) = β0
[
19
6
− ln y − ln
(
Q2
µ2R
)]
+ CF
[
(3 + 2 ln y) ln
(
Q2
µ2GPD
)
− 77
6
−
(
1
y¯
− 3
)
ln y + ln2 y
]
+ (2CF − CA)
{
−1
3
− 4(2− 3y) ln y¯ + 2(1− 6y) ln y + 4(1− 3y) (Li2y − Li2y¯)
+ 2(1− 6yy¯)
[
3
(
Li3y¯ + Li3y
)− ln y Li2y − ln y¯ Li2y¯ − pi2
6
(
ln y + ln y¯
)]}
. (A10)
ta,2(y) = β0
[
21
4
− ln y − ln Q
2
µ2R
]
+ CF
[
(3 + 2 ln y) ln
Q2
µ2GPD
− 25
6
ln
Q2
µ2DA
− 1019
72
−
(
1
y¯
+
7
6
)
ln y + ln2 y
]
+ (2CF − CA)
{
401
12
− 255y + 270y2 −
(
299
3
− 867y + 1830y2 − 1080y3
)
ln y¯
+
(
56
3
− 357y + 1290y2 − 1080y3
)
ln y + 2
(
22− 291y + 780y2 − 540y3) (Li2y − Li2y¯)
+ 12
(
1− 21y + 106y2 − 175y3 + 90y4)
×
[
3
(
Li3y¯ + Li3y
)− ln y Li2y − ln y¯ Li2y¯ − pi2
6
(
ln y + ln y¯
)]}
,
ta,4(y) = β0
[
31
5
− ln y − ln Q
2
µ2R
]
+ CF
[
(3 + 2 ln y) ln
Q2
µ2GPD
− 91
15
ln
Q2
µ2DA
− 10213
900
−
(
1
y¯
+
46
15
)
ln y + ln2 y
]
+ (2CF − CA)
{
4903
40
− 5775
2
y +
57085
4
y2 − 23310y3 + 11970y4
−
(
21109
60
− 41451
5
y +
103285
2
y2 − 125020y3 + 129150y4 − 47880y5
)
ln y¯
+
(
2899
60
− 11001
5
y +
45535
2
y2 − 78400y3 + 105210y4 − 47880y5
)
ln y
+
(
137− 4506y + 35280y2 − 100380y3 + 117180y4 − 47880y5) (Li2y − Li2y¯)
+ 30
(
1− 48y + 580y2 − 2590y3 + 5166y4 − 4704y5 + 1596y6)
×
[
3
(
Li3y¯ + Li3y
)− ln y Li2y − ln y¯ Li2y¯ − pi2
6
(
ln y + ln y¯
)]}
. (A11)
c(g)n (x, ξ) =
2piiαs
(
µ2R
)
fM
Q
ξ
(ξ + x− i0) (ξ − x− i0)
(
1 +
αs
(
µ2r
)
4pi
tg, n
(
ξ − x
2ξ
))
, (A12)
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where
tg,0(y) =
[
2CA (y
2 + y¯2)− CF y
]
ln y
y¯
ln
Q2
µ2GPD
+
β0
2
ln
µ2R
µ2GPD
+ CF
[
−5
2
+
(
1
y¯
+ 1− 4y
)
ln y − y
2
ln2 y
y¯
− 2(y¯ − y)Li2y¯ − 4yy¯
(
3Li3y¯ − ln y Li2y − pi
2
6
ln y
)]
+ CA
[
−
(
6
y¯
− 8y
)
ln y +
(
1
y¯
− 2y
)
ln2 y + 2(y¯ − y)Li2y¯
]
+ {y → y¯} ,
tg,2(y) =
[
2CA (y
2 + y¯2)− CF y
]
ln y
y¯
ln
Q2
µ2GPD
+
β0
2
ln
µ2R
µ2GPD
− 25
12
CF ln
Q2
µ2DA
+ CF
[
35
36
(5− 54yy¯)− y
2
ln2 y
y¯
− 7(y¯ − y) (1− 30yy¯)Li2y¯
+
(
1
y¯
− 3
2
− 392
3
y + 525y2 − 420y3
)
ln y
]
+ CA
[
−15
4
(1− 4yy¯) +
(
1
y¯
− 2y
)
ln2 y + (y¯ − y) (7− 60yy¯)Li2y¯
−
(
23
3y¯
+
5
6
− 58y + 150y2 − 120y3
)
ln y
]
+ 6yy¯
[
5(1− 4yy¯)CA − 14(1− 5yy¯)CF
](
3Li3y¯ − ln y Li2y − pi
2
6
ln y
)
+ {y → y¯} ,
tg,4(y) =
[
2CA (y
2 + y¯2)− CF y
]
ln y
y¯
ln
Q2
µ2GPD
+
β0
2
ln
µ2R
µ2GPD
− 91
30
CF ln
Q2
µ2DA
+ CF
[
27287
1800
− 595yy¯ + 2520(yy¯)2 − y
2
ln2 y
y¯
+ 16(y¯ − y)
(
1− 105yy¯ + 630(yy¯)2
)
Li2y¯
+
(
1
y¯
− 5
2
− 11596
15
y + 9660y2 − 34160y3 + 45360y4 − 20160y5
)
ln y
]
+ CA
[
−35
16
(1− 4yy¯)(5− 72yy¯) +
(
1
y¯
− 2y
)
ln2 y + 2(y¯ − y)
(
8− 315yy¯ + 1260(yy¯)2
)
Li2y¯
−
(
257
30y¯
+
77
60
− 1741
5
y + 2940y2 − 8960y3 + 11340y4 − 5040y5
)
ln y
]
+ 30yy¯
[
7(1− 4yy¯)(1− 6yy¯)CA
− 16
(
1− 14yy¯ + 42(yy¯)2
)
CF
](
3Li3y¯ − ln y Li2y − pi
2
6
ln y
)
+ {y → y¯}. (A13)
The corresponding coefficients r2n
(
x, Q2
)
which define the sensitivity to harmonics are given by the ratios of the
amplitudes evaluated with convolution of the amplitudes with corresponding GPDs, are related to the amplitudes as
dσ
dt dxBdQ2
= Γ
∑
νν′
A∗ν′,νLAν′,νL, (A14)
r2n
(
x, Q2, t
)
=
1
2
∂
(
dσ/dt dxBdQ
2
)
∂a2n
∣∣∣∣∣
a2n=0
=
Re
(∑
νν′ A∗(0)ν′,νLA(2n)ν′,νL
)
∑
νν′ A∗(0)ν′,νLA(0)ν′,νL
where the superscript (0) in the amplitudes A stands for evaluation with asymptotic distribution amplitude, and
15
superscript (2n) correspond to evaluation with distribution amplitude given only by the nth term in (12).
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